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A GENERALIZATION OF TIGHT CLOSURE 
AND MULTIPLIER IDEALS 


Nobuo Hara and Ken-ichi Yoshida 

Abstract. We introduce a new variant of tight closure associated to any fixed ideal 
a, which we call a-tight closure, and study various properties thereof. In our theory, 
the annihilator ideal T(a) of all a-tight closure relations, which is a generalization of 
the test ideal in the usual tight closure theory, plays a particularly important role. 
We prove the correspondence of the ideal r(a) and the multiplier ideal associated to 
a (or, the adjoint of a in Lipman’s sense) in normal Q-Gorenstein rings reduced from 
characteristic zero to characteristic p ^ 0. Also, in fixed prime characteristic, we 
establish some properties of T(a) similar to those of multiplier ideals (e.g., a Briangon- 
Skoda type theorem, subadditivity, etc.) with considerably simple proofs, and study 
the relationship between the ideal r(a) and the F-rationality of Rees algebras. 


Introduction 

The notion of tight closure, introduced by Hochster and Huneke [HHl] more 
than a decade ago, has emerged as a powerful new tool in commutative algebra. 
Tight closure gives remarkably simple characteristic p proofs of several results that 
were not thought to be particularly related, e.g., that rings of invariants of linearly 
reductive groups acting on regular rings are Cohen-Macaulay, that the integral 
closure of the nth power of an n generator ideal of a regular ring is contained in the 
ideal (the Briangon-Skoda theorem), and so on. Also, the notions of F-regular and 
F-rational rings are dehned via tight closure, and they turned out to correspond 
to log terminal and rational singularities, respectively ([Hal], [HW], [MS], [Sml]). 
This result is generalized to the correspondence of test ideals and multiplier ideals 
([Ha2], [Sm2]), both of which play very important roles in the tight closure theory 
and birational algebraic geometry, respectively. 

The test ideal of a ring R of characteristic p, denoted by t{R), is the annihilator 
ideal of all tight closure relations of R. On the other hand, the notion of multiplier 
ideals has a few variants. Originally, a multiplier ideal is dehned analytically for 
a given plurisubharmonic function on a complex analytic manifold [N]. This is 
reformulated in the algebro-geometric setting (in characteristic zero) in terms of 
resolution of singularities and discrepancy divisors ([Ei], [La]). Actually, two types 
of multiplier ideals are dehned in this setting, that is, the multiplier ideal J{D) 
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associated to a Q-divisor D and the one J7’(a) associated to an ideal o. The latter 
is also dehned by Lipman [Li] in a more algebraic context and called the ’’adjoint 
ideal.” 

Precisely saying, the mnltiplier ideal which is proved to correspond to the test 
ideal t{R) is the one associated to the trivial divisor D = 0 or the nnit ideal 
a = R, which dehnes the non-log-terminal locns of Speci?. In most applications, 
however, the nsefnlness of mnltiplier ideals is performed by considering mnltiplier 
ideals associated to varions divisors or ideals; see e.g., [Ei], [La], [Li], Thns we are 
tempted to dehne a sort of a tight closnre operation and a ’’test ideal” associated 
to given any Q-divisor or ideal. 

In this paper, we introdnce a generalization of tight closnre, which we call a-tight 
closure, associated to an ideal a, stndy varions properties (inclnding the relationship 
with mnltiplier ideals), and give some applications of a-tight closnre. (In [T], the 
reader can hnd an attempt to generalize tight closnre to the other direction, that 
is, A-tight closnre associated to a Q-divisor A; see also [HW].) Actnally, given an 
ideal a of a Noetherian ring R of characteristic p > 0, we dehne the a-tight closnre 
I*'^ of an ideal / C i? to be the ideal consisting of all elements z E R for which 
there exists an element c E R not in any minimal prime ideal snch that 

cz^ C /[p ] 

for all e ^ 0, where ^ is I the ideal generated by the p®th powers of elements of 
/; see Dehnition 1.1 and also Dehnition 6.1 for farther generalization to ’’rational 
coefhcients.” We then dehne the ideal T(a) of R to be the nniqne largest ideal snch 
that T(a)/*“ C / for all ideals I (E R. So, in the case where a = R is the nnit ideal, 
the a-tight closnre /*“ = is eqnal to the tight closnre I* in the nsnal sense, and 
the ideal r(a) = t{R) is nothing bnt the test ideal [HHl]. 

There are many similarities between nsnal tight closnre and a-tight closnre, e.g., 
the existence of a-test elements (Dehnition 1.6) is proved qnite similarly as in the 
case for nsnal test elements. Bnt there does exist a diherence as well: We reqnire a 
’’closnre” operation to satisfy the property that, once the operation is performed, 
the obtained closnre does not change if one performs the operation twice or more, 
and tight closnre satishes this property, namely, (/*)* = I*. However, it happens 
that (/*‘^)*‘i is strictly larger than /*“, and so, a-tight closnre is not a closnre 
operation in fact. Similarly, nnlike the nsnal test ideal t{R), the ideal r(a) is no 
longer eqnal to the one generated by a-test elements if a C i?. 

In spite of the apparent disadvantage mentioned above, we hnd very more ad¬ 
vantages in the circle of ideas involving a-tight closnre. The signihcance of the ideal 
r(a) is witnessed by the following theorem, which ensnres the expected correspon¬ 
dence of T(a) and the mnltiplier ideal J7’(a); see also Theorem 6.7. 

Theorem 3.4. Let R be a normal Q-Gorenstein local ring essentially of finite 
type over a field and let a be a nonzero ideal. Assume that a C R is reduced 
from characteristic zero to characteristic p ^ 0, together with a log resolution of 
singularities f:X^Y = SpecR such that aOx = Ox(—Y) is invertible. Then 

r(a) = H\X, Ox{.\Kx - - Z)). 

2 



Note that, by definition, the mnltiplier ideal J{g) in characteristic zero takes 
jnst the same form as the right-hand side of the above eqnality, so, one can think of 
the right-hand side as a redaction modnlo p of the mnltiplier ideal in characteristic 
zero. This theorem generalizes the main resnlts of [Ha2] and [Sm2], and is proved 
essentially in a similar way as the preceding works, with a little more effort. 

The nsefnlness of mnltiplier ideals is tied np with vanishing theorems in charac¬ 
teristic zero snch as the Nadel vanishing theorem [N], which fail in characteristic 
p > 0. For example, Lipman nsed these tools to establish an improved version of the 
Briangon-Skoda theorem, which asserts that, for any ideal a of a regnlar local ring 
generated by r elements, one has C for all n > 0 [Li]; see also [La]. 

We will prove in Theorem 2.1 that the corresponding statement C 

holds trne in characteristic p > 0. Taking into acco un t the correspondence in The¬ 
orem 3.4, we see that this gives another proof of Lipman’s resnlt. An advantage of 
onr prime characteristic proof here is that it is qnite elementary and simple (like 
the original tight closnre proof of Briangon-Skoda [HHl]), and does not depend on 
desingnlarization or vanishing theorems. 

We shall take a look at the organization of this paper, which we hope gives 
farther confirmation of the nsefnlness of a-tight closnre. 

After discnssing basic properties of a-tight closnre and the ideal T(a) in Section 1, 
we give three fnndamental applications of a-tight closnre in Section 2. The first 
one is the modified Briangon-Skoda theorem via a-tight closnre mentioned above. 
Second, we stndy the relationship between a-tight closnre and tight integral closnre 
defined by Hochster [Ho2], and rephrase the F-rationality criterion of Rees algebras 
obtained in [HWYl] in terms of a-tight closnre; see Theorem 2.7 and Corollary 
2.9. This enables ns to give an interesting characterization of regnlar focal rings 
as the third application. Namely, we prove in Theorem 2.15 that the regnlarity of 
a d-dimensional focal ring (R, m) is characterized by the property that = 

R. This is considered an analog of the fact that the weak F-regnlarity of R is 
characterized by the property that t{R) = R. 

Section 3 is devoted to proving the eqnality T(a) = 77(a) in Theorem 3.4, which 
holds trne in the sitnation rednced from characteristic zero to characteristic p 3> 0. 
We note that the containment T(a) C 77(a) essentially holds trne in any fixed 
characteristic p > 0; cf. Proposition 3.8. 

In Section 4, we establish properties of ideals T(a) in fixed characteristic p > 0 
similar to those of mnltiplier ideals 77(a) in characteristic zero, namely, the restric¬ 
tion theorem (Theorem 4.1), the snbadditivity (Theorem 4.5), and a description of 
ideals T(a) in toric case (Theorem 4.8); see [DEL], [How], [La] for the resnlts proved 
for mnltiplier ideals. Again in light of Theorem 3.4, we can also say that the resnlts 
in this section give new prime characteristic proofs to the geometric statements for 
mnltiplier ideals in characteristic zero, althongh we work with the Frobenins map 
in fixed characteristic p > 0. 

In Section 5, we explore the behavior of the ideal t{I) for an m-primary ideal I 
of a Gorenstein local domain (R, m) of characteristic p > 0, from the viewpoint of 
the Rees algebra R(/) = R[It] via Theorem 2.7. As a main resnlt of this section, we 
prove in Theorem 5.1 that if R(/) is F-rational, then its graded canonical modnle is 
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described as c<;r(/) = 0^>i In particular, the equality t(/) = J '(/) holds if 

R(/) is F-rational, and the converse is also true in case of a two-dimensional rational 
double point. (It should be noted that the ideals r(/) and J7’(/) may disagree in 
hxed positive characteristic.) Comparing Theorem 5.1 with Hyry’s results ([Hyl], 
[Hy2]), we can also deduce various results for r(/). 

In Section 6, we extend the notions of a-tight closure and the ideal r(a) to those 
with ’’rational coefficients,” and generalize some results discussed in the previous 
sections to the case of rational coefficients. Although we have no explicit applica¬ 
tions of this generalization at the moment, we include this section for the future 
reference, because recent applications of multiplier ideals involve rational coeffi¬ 
cients successfully ([ELS], [La]). 

Before going ahead we review part of the notation and basic notions of the tight 
closure theory. We keep it minimal to avoid overlap with Section 1. The reader is 
referred to Hochster and Huneke [HHl-4] and Huneke [Hu] for the full development 
of the theory. 

Notation and basic notions. Throughout this paper all rings are Noetherian 
commutative rings with unity. For a ring R, we denote by R° the set of elements 
of R which are not in any minimal prime ideal. We will often work over a held of 
characteristic p > 0. In this case we always use the letter q for a power p® of p. 

Let R he a, Noetherian ring of characteristic p > 0. For an ideal I oi R and a 
power q of p, we denote by the ideal generated by the gth powers of elements 
of /. The tight closure I* of / is dehned to be the ideal consisting of all elements 
z ^ R for which there exists an element c G R° such that cz'^ G for all large 
q = p®. (Tight closure is also dehned for a submodule of a module; cf. Section 1.) 

We say that R is weakly F-regular if every ideal / of i? is tightly closed, that is, 
I* = I. A local ring (R, m) is said to be F-rational if every ideal generated by a 
system of parameters of R is tightly closed. In general, we say that R is F-rational 
(resp. F-regular) if all of its local rings are F-rational (resp. weakly F-regular). 

Let F: R ^ R he the Frobenius map, that is, the ring homomorphism sending 
z & R to z^ E R. The ring R viewed as an i?-module via the e-times iterated 
Frobenius map F®:i? —^ i? is denoted by ®i?. We say that R is F-finite if ^R is a 
hnitely generated i?-module. If R is reduced, then F®: F —®F is identihed with the 
natural inclusion map R ^ An F-hnite reduced ring R is said to be strongly 

F-regular if for every element c E R°, there exists a power q = p^ such that the 
inclusion map (R^^R ^ splits as an F-module homomorphism. 

1. Definition and basic properties of a -tight closure 

Let F be a Noetherian ring of characteristic p > 0 and let M be an F-module. 
For each e G N, we denote F®(M) = F|j(M) ®F M and regard it as an 
i?-module by the action of i? = ®i? from the left. Then we have the induced e-times 
iterated Frobenius map F®:M —F®(M). The image oi z E M via this map is 
denoted by z'^ := F’^{z) E F®(M). For an F-submodule N of M, We denote by 
the image of the induced map F®(N) —> F®(M). 
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Definition 1.1. Let a be an ideal of a Noetherian ring R of characteristic p > 0 
and let C M be i?-niodules. The a-tight closure of N in M, denoted by is 
defined to be the snbmodnle of M consisting of all elements z E M for which there 
exists c E R° snch that 

cz‘^a‘^ C 

for all large q = p^. The o-tight closnre of an ideal I C R is jnst defined by 

r*a _ r*a 

^ • 

Remark 1.2. (1) In the case where a = i? is the nnit ideal, the a-tight closnre 
nothing bnt the (nsnal) tight closnre a,s defined in [HHl]. 
However, nnlike the nsnal tight closnre, it may happen that strictly 

larger than see Remark 1.4 (1). In this sense a-tight closnre is not an ’’honest” 
closnre operation in general. 

(2) It seems significant to extend the definition to ’’rational coefficients,” if we 
take into acco un t the relationship with mnltiplier ideals; see [La], [T] and Sections 
3 and 4. Namely, given nonnegative t E Q and a E R, N 'E M as in Definition 1.1, 
we can define the t ■ a-tight closure oi N in M and generalize some resnlts for 

a-tight closnre to those for t ■ a-tight closnre. We treat this issne in Section 6. 

We collect some basic properties of a-tight closnre in the following. The proofs 
are easy and left to the reader. 

Proposition 1.3. Let a and b denote ideals of a Noetherian ring R of character¬ 
istic p > 0 and let L and N denote submodules of an R-module M. 

( 1 ) NQNi; andN-^IN^0'‘i^. 

(2) IfLCN, then Lf,C Nil 

(3) Ntf C (Nil : b)„. Moreover, if b is a principal ideal, then the equality 

= (Nf! : b)M holds. 

(4) If b E a, then Nff E . Moreover, if a E R° 7^ 0 and if b is a reduction 
of a, then the equality Nff = holds. 

Remark 1.4. (1) It follows that E Nff E : a)M from (3) and (4) of 

Proposition 1.3. If a is a principal ideal, then the eqnality on the right occnrs, and 
(^m)m = is strictly larger than = [Nfj : a)M in general. 

(2) The colon captnring property [HHl, Section 7] says that parameters behave 
like a regnlar seqnence modnlo tight closnre. Namely, if xi,...,x i+i e R are 
parameters, then nnder a mild assnmption, [xi,... ,Xi) ir Xi-n E [xi,... ,XiY. 
Since a-tight closnre contains the nsnal tight closnre, this remains trne if we replace 
the nsnal tight closnre by a-tight closnre. In Proposition 1.5 below we slightly 
improve this colon captnring property for a-tight closnre nsing the existence of a 
test element. See [HHl], [HH2] for the definition and detailed stndy of test elements, 
and see also Definition 1.6 for a generalization to the notion of a-test elements. 

Proposition 1.5. Let R be an equidimensional reduced excellent ring of charac¬ 
teristic p > 0 and let a be an ideal. Then for any parameters xi,... ,Xn in R, 

(xi, . . . , Xn—\) . Xji E (xi, . . . , Xji—]f) 
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Proof. Actually, we can prove even more. Namely, let /, J C i? be ideals generated 
by monomials in parameters xi,... ,Xn and K R he the ’’expected” answer for 
/ : J, that is, the monomial ideal which were equal to / : J if Xi,..., Xn formed a 
regular sequence. (Note that I = K = (xi,..., Xn-i) and J = {xn) in our case.) 
Then we will show that 

: J C K*^. 

Let z G /*“ : J. Then there is a c G i?° such that cz^a^ C for q = ^ h. 

Since the ’’expected” answer for is we have that C 

by colon capturing of the usual tight closure [HHl]. So, for a test element d E R°, 
one has that {cd)z^a^ C Ail'll for Q = p® A> 0, which means that 2 ; G AT*” as required. 

□ 

Definition 1.6. Let A be a Noetherian ring of characteristic p > 0 and let a be 
an ideal of R. We say that an element c G A° is an a-test element if cz^ad C /['?] 
for all q = p^ whenever 2 G I*'^. 

In the case where a = A is the unit ideal, an a-test element is nothing but a test 
element in the usual sense [HHl]. In [HH2] it is proved that a test element exists 
in nearly every ring of interest, for example, in excellent reduced local rings [HH2, 
Theorem 6.1]. We can show that an a-test element also does. 

Theorem 1.7. Let R be a reduced Noetherian ring of characteristic p > 0, let 
c E R° and assume that one of the following conditions holds: 

(1) A is F-finite and the localized ring Rc is strongly F-regular. 

(2) A is an excellent local ring and Rc is Gorenstein and F-regular. 

Then some power c"' of c is an a-test element for all ideals a C A. 

Here we prove the above theorem under assumption (1) only, according to the 
method of [HHO]. The case of assumption (2) is reduced to the F-hnite case by 
the machinery of ’’T-construction” used in [HH2]. We do not include the argument 
involving this reduction process because it is somewhat long but essentially the 
same as that for the usual tight closure [HH2, Section 6]. 

To prove the theorem in the F-hnite case we need the following lemma from [HHO, 
Remark 3.2], in which it is implicit that the exponent n of c may be independent 
of the choice of d. 

Lemma 1.8. Let A be an F-finite reduced Noetherian ring of characteristic p > 0. 
If the localization Rc of A at an element c E R° is strongly F-regular, then there 
exists an integer n > 0 depending only on A and c satisfying the following property: 
For any d E R°, there exist a power q' of p and an R-linear map (p-.R^/'^ A 
sending d}/^ to c^. 

Proof of Theorem 1.7 in case (1). We will show that c^ in Lemma 1.8 is an a-test 
element for every a C A. Given any ideal /, any z E 1*°' and any power q of p, it 
is enough to show that c^z'^a‘^ C Since 2 G /*“, there exists d E R° such that 
dz^a^ C for every Q. Then by Lemma 1.8, there exist q' and cp-.R^f'^ —> A 
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sending to c”. Since dz^‘^ 1 C dz^^ C 1, one has 

d^!^' C 

and applying cf) gives c^z’^ad C /I?]^ as reqnired. □ 

Proposition-Definition 1.9. Let R be a Noetherian ring of characteristic p > 0 
and let a be an ideal of R. Let E = ^^Epi{R/m), the direct sum, taken over all 
maximal ideals m of R, of the injective envelopes of the residue fields R/m. Then 
the following ideals are equal to each other and we denote it by T(a). 

i) Annfj(O^), where M runs through all finitely generated R-modules. 

M 

ii) I^Annij(O^), where M runs through all finitely generated R-submodules ofE. 

MCE 

If R is locally approximately Gorenstein [e.g., if R is excellent and reduced [Hoi]), 
then the following ideal is also equal to T(a). 

iii) (/ : /*“), where I runs through all ideals of R. 

ICR 

Proof. The proof is the same as that for the nsnal tight closnre. See [HHl, Proposi¬ 
tion 8.23] for the eqnality of i) and ii), and [HHl, Proposition 8.25] for the eqnality 
of ii) and iii). □ 

Remark 1.10. In the case where a = i? is the nnit ideal, T(a) = t{R) is called the 
test ideal. In this case, t{R) fl R° is eqnal to the set of test elements of R, and this 
jnstihes the name ’’test ideal.” Bnt the name ”a-test ideal” for t(o) is somewhat 
misleading if a 7 ^ i?, becanse T(a) fl i?° is not eqnal to the set of a-test elements in 
general. 

The following basic properties of the ideal T(a) follow from Proposition 1.3. See 
Theorem 2.1 for a generalization of the latter half of (1). 

Proposition 1.11. Let R be a Noetherian ring of characteristic p > 0 and let 0 
and b denote ideals of R. 

(1) r(a)b C r(ob). Moreover, if b is a principal ideal of a complete local ring, 
then T(a)b = r(ab). 

(2) // b C a, then T(b) C T(a). Moreover, if af] R° 7^ 0 and if b is a reduction 
of a, then the equality r(b) = T(a) holds. 

(3) If R admits a test element and if af] R° 7 ^ 0, then T(a) fl i?° 7 ^ 0. 

(4) If R is weakly F-regular, then a C r(a). Moreover, if a is an ideal of pure 
height one, then 0 = r(a). 

Proof. The former half of (1) is immediate from Proposition 1.3 (3). To prove the 
latter half, let (R, m) be a complete local ring and let b be principal. Then by 
the Maths dnality, AnnE(T(a)) is eqnal to the nnion of 0^ taken over all hnitely 
generated snbmodnles M of E = Eji{R/m). So, if z G AnnE(T(a)b), there exists 
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a finitely generated snbmodnle M C E snch that 2 ; G (0^ : b)E- Replacing M by 
M + Rz C E, one has z G (0^ : b)M = 0^^ by Proposition 1.3 (3). Hence 

r(ab) = Pi Annfl(0M : b)M = Anni?(Ann£;(T(a)b)) = r(o)b. 

MCE 

(2) follows from Proposition 1.3 (4), and (3) and the former half of (4) from 
r(i?)a C T(a). As for the latter half of (4), it snffices to show the following claim, 
since weakly F-regnlar rings are normal. 

Claim 1.11.1. IfR is normal and a is an ideal of pure height one, then T(a) C a. 

To prove the claim, considering a primary decomposition of a, we may assnme 
withont loss of generality that 0 is a primary ideal snch that p = ^ is a height one 
prime ideal. Then, since Rp is a discrete valnation ring, we can choose 6 G a snch 
that aRp = bRp. Then bR : a o*“. Indeed, if 2 G 6R : a, then z'^a'^ C b'^R C 
for all q = so that 2 G o*“. It now follows from bR : a ^ p that o*“ ^ p. Since a 
is p-primary, we have T(a) C a : o*“ = a, as claimed. □ 

Proposition 1.12 (cf. [B], [HHl, Proposition 4.12]). Let R (L S be a pure ring 
extension of Noetherian rings of characteristie p > 0 such that R° C S'®. Then for 
any ideal a of R, one has T(aS) fl R C r(a). 

Proof. For a hnitely generated R-modnle M, the natnral map M — M R —> 
M S is injective by the pnrity of R C S. Since R° C S°, we see easily that 
0^ C 0*j^^g via the inclnsion map M ^ M S. Hence, if c G T(aS) fl R, then c 
kills 0^ for all hnitely generated R-modnle M, so that c G T(a). □ 

By dehnition, the ideal r(a) is the annihilator of a-tight closnre relations for all 
ideals or hnitely generated modnles. It will be very nsefnl if r(a) is determined by 
a-tight closnre relations for a single ideal or a single modnle. Let ns take a look at 
some cases where this is trne. 

Theorem 1.13. Let (R, m) be a d-dimensional exeellent normal local ring of char¬ 
acteristic p > 0, a an ideal of R and let J T R be a divisorial ideal sueh that the 
divisor elass cl(J) G C1(R) has a finite order. Then 

= U 

McHiiJ) 

where M runs through all finitely generated R-submodules of H^{J). In partieular, 
if R is Q-Gorenstein, then 

r(a) = Anni^(0E ), 

where E = En^R/m) = 

Proof. Again the proof is the same as that for the nsnal tight closnre,^ bnt we 
sketch a proof according to [Sm2, Lemma 3.4], which is based on the idea of [AM, 
3.1]. 

^The proof in [Ha2, Appendix] has a minor gap at the bottom of p. 1904, although the result 
[Ha2, Theorem 1.8] itself and the arguments in the cited references [Me], [Wi] are valid. 



Let r be the order of cl( J) G Cl(i?) and let = xiR. We may assume without 
loss of generality that xi G m. Then there exists X 2 & R and 0 7 ^ a G J such that 
X 2 J C aR, and xi, X 2 extends to a system of parameters xi, X 2 , ■ ■ ■ ,Xd for R. 

The point of the proof is that F^(iL^( J)) = is computed by 


where the direct limit map R/{x\J^’^\ ..., R/ X 2 ~^^ ,..., x^^^) 

is the multiplication by 0 : 12:2 ■ ■ -Xd- Then an element ^ G H^{J) is represented by 
2 ; mod (xf J, X 2 , ■ • ■, x^) G R/ (xf J, X 2 , ■ ■ •, x^) for some z & R and s G N, and ^ = 
[z mod (xf J, 0 : 2 , • • ■, 0 :^)] is mapped to = [z^ mod (a:f \x 


p S 


, .. ., x; 


P s\ 


by the e-times iterated Frobenius map F^: H^{J) )). 

Now say that ^ G 0^^ Then there exists c E R° such that c^'^a = [cz^a mod 


{xY X 


qs 
2 5 


, X 


qs 


)] = 0 for all g = p® ^ 0 and a G Since a'^ is a hnitely 


generated ideal for each q = p^, there exists te E N such that cz'^{xi ■ ■ ■Xd^'^ofl C 

0 :^'^+'^) C Then one has 


^^qf,q (- ( rpx 

C/v w. ^ 5 *^2 5***5 d 


by colon capturing. Replacing c by cc' with c' a 

gs qs 

2 1 ■ ■ ■ I'^d 


test element and multiplying by xi, we see that C (x^ 

This gives 


co:i(o:i---o:d)'^^^a'^ C (xf ..., C o:^+\ ..., 0:^+^) 


[g] 


for all q = p^ ^ whence {xi---Xd)z E J^X 2 ~^^ ^... Hence ^ is 

in the a-tight closure of zero in the cyclic (hence hnitely generated) submodule of 
H^{ J) generated by the image of R/{xY~^J, xY~^, ..., xY~^). □ 

Discussion 1.14. In Sections 2 and 5, we will consider when the equality r(o) = R 
holds. In the case R is a Gorenstein local ring, one can check this condition looking 
only at the a-tight closure of a single parameter ideal, as we will see below; cf. [FW]. 

Let (R, m) be a d-dimensional Cohen-Macaulay local ring, a any ideal of R 
and let J be the ideal generated by a system of parameters xi^...^Xd- Then 
H^{R) = limR/ {x\j ..., a:^), and R/ J and H^{R) have the same socle in common 

via the natural inclusion map R/J ^ H^{R). Then 0^^ = 0 if and only 

if 0*Y/j = 0, or equivalently, if J*“ = J. In particular, the condition that J is 
a-tightly closed does not depend on the choice of a parameter ideal J. 

Now assume further that (R, m) is Gorenstein. Then E = Eii{R/xn) = H^{R) 
and one sees easily that T(a) = Annj^(0^d = nteN(^i’ ■ • • ’ ^d) ■ • 5 

Therefore T(a) = R if and only if J*“ = J for some (or equivalently, every) ideal J 
generated by a system of parameters. 

As we have seen so far, the a-tight closure of the zero submodule in the injective 
envelope Eji^R/xn) or the top local cohomology H^{R) of a local ring (R, m) plays 
a particularly important role. We close this section by the following proposition, 
which generalizes Smith’s characterization of the usual tight closure of the zero 
submodule in H^{R). 
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Proposition 1.15 (cf. [Sml]). Let {R, m) be a d-dimensional excellent normal local 
ring of characteristic p > 0 and let a R be an ideal such that a fl i?° 7 ^ 0. Then 
(jj) is the unique maximal proper submodule N with respect to the property 

a‘^F^(iV) CN for allq = p\ 

where H^{R) H^{R) is the e-times iterated Frobenius induced on H^{R). 

Proof. Let c E R° he an element snch that Rc is regnlar. Then Rc is also regnlar by 
the excellence of R. Hence some power c^ of c is an a-test element and an aij-test 
element by Theoreml.7. It is easy to see that also works as a test element for 
both the a-tight closnre and the a-R-tight closnre of the zero snbmodnle in H^{R) = 
H^P^{R) (see the proof of Theorem 1.13). Then it follows that 0^^ (jj) = 

tn R 

so we may assnme withont loss of generality that R is a complete local ring. 

It is easy to see that o'^R^(0^d for all q = p^. Also, 0^^ is a 

proper snbmodnle of H^{R), becanse it is annihilated by T(a) by Theorem 1.13 and 
r(a) nR° 7 ^ 0 by Proposition 1.11 (3). To prove the maximality of 0^^ snppose 

that N C H^{R) is a proper snbmodnle snch that a‘^F^{N) C N for all q = p^. 
Then the Maths dnal of the exact seqnence 0 ^ N ^ R^(R) — H^{R)/N —> 0 is 

0 ^ [Hi{R)/NY ^ ^ iVV ^ 0, 

where [R^(R)/A^]^ is a nonzero snbmodnle of so both [R^(R)/A^]^ and ur 
are torsion-free R-modnle of rank 1. Therefore N'^ is a hnitely generated torsion 
modnle, so that there exists c E R° snch that cN'^ = 0. This implies that cN = 
gjyvv ^ gQ cadF^{N) = 0 for all q = p^. Hence N C 0^^ as reqnired. □ 

2. a- TIGHT CLOSURE AND ITS APPLICATIONS 

In this section we give some fnndamental applications of a-tight closnre. 

Modified Brianqon-Skoda theorem via a-tight closure. One of the impor¬ 
tant applications of tight closnre theory [HHl] is a prime characteristic proof of the 
Briangon-Skoda theorem [BS], which was originally proved by an analytic method. 
Later, Lipman [Li] improved this in terms of adjoint ideals. The following is a prime 
characteristic analog of Lipman’s ’’modihed Briangon-Skoda” [Li, Theorem 1.4.1]; 
see also Remark 3.2 (1). 

Theorem 2.1. Let R be a Noetherian ring of characteristic p > 0. If a C R is an 
ideal generated by r elements, then 

T(a^+"-^) C a" 

for all n >0. If we assume further that R is a complete local ring, then 

T{a^+^-^b) C r(b)a^ 
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for all n > 0 and all ideals b C R. 

Proof. Let b C i? be any ideal, M any finitely generated i?-niodnle, and snppose 
that 2 ; G (0^ : o"')m- Then there exists c G R° snch that = 0 in 

F®(M) for all q — ^ 0. Since C by the assnmption, this 

implies that c 2 :‘^(o"'"'"^“^b)‘^ = 0 in F®(M) for all g = p® 3> 0, so that 2 ; G 
Thns (0^ : o"^)m ^ 0^ ^ and in particnlar, AnnM(ci"^) ^ 0^ ^ . Taking 

the intersection of the annihilator ideals over all finitely generated i?-snbmodnles 
M C E = 0^ Eii{R/m)j we obtain 

^(^n+r-i) ^ pj Anni?(AnnM(a'")) = Anni?(Anns(o’")) = a^. 

MCE 

Now assnme that (i?, m) is a complete local ring. Then Ann^ (T(b)) = Umce 
by the Maths dnality, and it follows as in the latter half of Proposition 1.11 (1) 
that AnnE(r(b)o"') C 1 Jmce(0m • ^"’)m ^ Umcs ^^5 where the nnions are 

taken over all finite generated snbmodnles M of E. Thns we conclnde 

^(^n+r-i^) ^ pj Annfl(0^ : oR)m = Anni?(AnnE(T(b)o’")) = r(b)a'". 


Remark 2.2. The tight closnre version of the Briangon-Skoda theorem [HHl, The¬ 
orem 5.4] says that if a is generated by r elements, then C (a"^)* for all 

n > 0, where b denotes the integral closnre of an ideal b. This implies that 
C a"^, and in the case where the test ideal t{R) is a strong test ideal 
(this is the case if i? is a rednced complete local ring [Vr]), C T(i?)a”. 

Theorem 2.1 may be considered a slight improvement of these assertions, becanse 
C by basic properties of a-tight closnre; see 

also Discnssion 5.2. 

Recently, nsing argnments similar to the as above, the first anthor and S. Takagi 
proved a sharpened version of Theorem 2.1 [HTj; cf. [Li], [La]: if (R, m) is a complete 
local ring of characteristic p > 0 and if a is an ideal with a redaction generated by 
r elements, then for all n > 0 . 

Corollary 2.3. Let R he an reduced excellent ring of characteristic p > 0 and let 0 
be an ideal such that afl ^0. Then for any R-modules N C M and any z G M , 
the following conditions are equivalent. 

(1) z G , i.e., there exists c E R° such that cz^a'^ C for all q = p®. 

(2) There exists c E R° such that cz‘^T{a'^) C for all q = p®. 

(3) There exists c E R° such that cz'^a^ C for all q = p^. 

Proof. To prove (1) ^ (2), choose d E a^~^r\R° and apply dT{a'^) C C a^. 

As for (2) ^ (3), choose a test element d E t{R) fl R° and note that C T(a'^). 

□ 
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Corollary 2.4. Let {R, m) be a d-dimensional Noetherian local ring of characteris- 
ticp > 0 with infinite residue field. Then for any ideal a C R and for anyn > 0, one 
has C a”. If, in addition, (-R, m) is complete, then C r(i?)o"'. 

Proof. First assume that a is an m-primary ideal. Then a has a minimal reduction 
q C a generated by d elements, so that 

_ ^(qn+d-i^ C q^ C a^. 

Next let 0 be an arbitrary ideal. Since our assertion holds true for every m-primary 
ideal, it follows that 

c pj ^ C Pi (a + m*)” = 0 ^. 

teN teN 

The latter half is proved in a similar way. □ 

Tight integral closure vs. a-tight closure. First, we recall the notion of tight 
integral closure, which was introduced by Hochster. 

Definition 2.5 ([Ho2]). Let i? be a Noetherian ring, and let {/i, ... , 1^} be a set 
of ideals in R. An element a; G i? is in the tight integral closure {/i, ... , In}- if 
there exists c E R° such that E all sufficiently large q = p^. 

In [HWYl], the present authors have studied the F-rationality of Rees algebras 
R(/) = R[It] for m-primary ideals /, jointly with K.-i. Watanabe. One of the main 
results in [HWYl] is the following theorem which gives a criterion for F-rationality 
of Rees algebras in terms of tight integral closure. 

Theorem 2.6 (cf. [HWYl, Theorem 2.2]). Let (R, m) be an excellent Cohen- 
Macaulay normal local ring of characteristic p > 0 with infinite residue field. Let I 
be an m-primary ideal of R and J its minimal reduction. Fix any system of param¬ 
eters xi, ... ,Xd for R generating J and put = {x\, ... ,x^fi) for I > 1. Then 
the Rees algebra R(/) = R[If\ is F-rational if and only if R(/) is Cohen-Macaulay 
and the following equalities hold: 

x{R,..., x^dR}- = for all /, r > 1 with l<r<dl-l. 

We will show that all tight integral closures appearing in the above theorem can 
be represented as the form of some “a-tight closure.” Namely, we have the following 
theorem. 

Theorem 2.7. Let (R, m) be an excellent equidimensional reduced local ring of 
characteristic p > 0 with d — dimR > 1. Also, let xi, ... ,Xd be a system of 
parameters of R, and put J = {xi, ... ,Xd)R. Then we have 

r jdl-r l p pi*. _ (rpi 

for all integers /, r > 1. 

Before proving the above theorem, we give some corollaries. We now recall that 

R + --- + In C {/i, ... ,RP; 


see [Ho, Proposition 1.4]. 
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Corollary 2.8. Under the same notation as in Theorem 2.7, if J ^ I ^ J, then 
(^jli]yJ 3 Jdi-r _|_ j[i] dll /, r > 1. In particular, we have 

(1) J + /^ C J*U 

(2) If = J, then I<^-^ C J. 

As an application of Theorem 2.7, we can rewrite Theorem 2.6 as follows. 

Corollary 2.9. Under the same notation as in Theorem 2.6, the Rees algebra R(/) 
is F-rational if and only if R(/) is Cohen-Macaulay and the following equalities 
hold: 

(j[;])*r _ jdi-r ^ j[i] /, r > 1 with l<r<dl-l. 

Corollary 2.10. Let R be an excellent F-rational local ring with dimR = 2. Then 
for any parameter ideal J of R, we have J*'^ = J. 

Proof. Pnt I = J. Then J is a minimal rednction of I. Since R(/) is F-rational 
by [HWYl, Theorem 3.1], it follows from Theorems 2.6 and 2.7 that = J*^ = 
I -\- J = I, a,s reqnired. □ 

In the following, we prove Theorem 2.7, and so we assnme that (R, m, k) is an 
excellent eqnidimensional (not necessarily rednced) local ring of characteristic p > 0 
with d = dimR > 1. Also, let xi, ... ,Xd he a, system of parameters of R and pnt 
J = [xi, ... ,Xd)R- Fnrther, we set {x{, ... ,x''^ for all I > 1. 

Lemma 2.11. Suppose that xi, ... ,Xd form a regular sequence. Then for all 
integers /, r > 1 we have 

{x[, ... ,x\): (m, ... ,XdY == [xi, ... + {x\, ... ,rr^), 

that is, : r = Jdi-r-d+i ^ j[i] _ 

Proof. The right-hand side is contained in the left-hand side becanse j'^ = 

jd{i-i)+i ^ j[z] mnst show the opposite inclnsion. To do that, let w — 

xY ■ ■ ■ , where 0 < < / — 1 for all i. First snppose that Yli=i ca = dl — r — d. 

If we pnt = / — 1 — for all i, then hi > 0, bi = r and w ■ x\^ ■ ■ ■ x’^' = 
xY^ ■ ■' ^ Next snppose that Y2!i=i — dl — r — d -\- 1. Then for all 

integers Ci > 0 with J2i=i C — x, we have w ■ x^ ■ ■ ■ x^Y — G 

becanse + C )> d{l — 1) 1. Since is generated by monomials in 

Xi, ... ,Xd, the assertion follows from the above argnment. □ 

Using the colon captnring property of tight closnre we obtain the following 
Corollary 2.12. Under the above notation, for all /, r > 1, we have 

: r C (jdi-r-d+i ^ j[i]y_ 

Proof. First snppose that R is complete, rednced. If we pnt S = k[[xi, ... ,Xd\], 
then S' is a complete regnlar local domain and R is a hnitely generated torsion- 
free S-modnle. Also, if we pnt Jo = {xi, ... ,Xd)S and Jq^ = {x{, ... ,x’‘Y)S, then 
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J = JqR and = J^^R. Using the colon captnring property of tight closnre and 
the previons lemma, we get 


j[^] : r c + 44^)* = . 

Next we consider the general case. Fix /, r > 1 and pnt K = j^i-r-d+i _|_ j[z] 
Applying the above argnment to R^ed = .Rred, we have 

: rRred ^ (iF^ed)* = (i^^)*4ed 

and hence C (KR)*. By [BH, Proposition 10.3.18], we get 

jW : r = (JW.R : rR) f] R = (KR)* f] R = K*R r]R = K*, 

as reqnired. □ 

We are now ready to prove Theorem 2.7. 

Proof of Theorem 2.7. Note that R admits a test element c' G R° becanse R is an 
excellent rednced local ring ([HH2, Theorem 6.1]). 

Let 2 G By dehnition, there exists c" G R° snch that C jtU] 

for all g = p®, e 3> 0. Corollary 2.12 implies that 

C ^j{dl-r)q-d+\ ^ j[lq\y 


and hence 

C'd'z'^ G j{dl-r)q-d+\ ^ j[lq\ 

for all g = p^, e 3> 0. Take any element d" G fl R° and pnt c = dd'd" G R°. 
Then cz^ G j'^di-r)q j\iq\ i'qj. g = p^, e 3> 0. Thns 2 ; G x{R, ... , x^'^R}-. 

Next we prove the opposite inclnsion. Let w G x[R, ... ,x’‘^R}-. By 

dehnition, there exists c" G R° snch that d'w^^ G J^di-r)qj^j[iq\ all g = p®, e 3> 0. 
Thns d'w^J'^^ C 

On the other hand, by virtne of the tight closnre Briangon-Skoda [HHl, Theorem 
5.4], we have 

jdlq ^ -jdl^ c 

Taking a test element d G R°, we have d C for all q = p®, e 3> 0. 

In particnlar, we have dd'w^J'^^ C for all snfhciently large q = and thns 
w G , as reqnired. □ 

Remark 2.13. Althongh we can easily see that R^^a ^ always 

holds, we do not know whether or not the opposite inclnsion holds. If it were trne, 
we conld remove the assnmption that “i? is rednced” in Theorem 2.7. 
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A characterization of regular local rings. Let (R, m, k) be an excellent eqnidi- 
mensional rednced local ring of characteristic p > 0 with d = dimi? > 1. Then R is 
F-rational if and only if J* = J for some (every) parameter ideal J of R] see [HH2] 
and [FW], 

Let J be a minimal rednction of m. Since J* = we have the following 

increasing seqnence of ideals in R: 

J <ZJ* CJ*^ <Z J*’"" C ... C C J*’"'" = R, 

where the eqnality on the right follows from the tight closnre Briangon-Skoda 
([HHl, Theorem 5.4]). So it is natnral to ask the following qnestion. 

Question 2.14. Let R be an excellent eqnidimensional local ring of characteristic 
p > 0, and let J be a minimal rednction of m (in general, a parameter ideal of R). 
When does eqnality J*'"'* ^ = J hold? 

In the following, we give a characterization of regnlar local rings in terms of 
a-tight closnre, which gives an answer to the above qnestion. See also Section 5 
abont related problems. 

Theorem 2.15. Let {R, m, k) be an excellent equidimensional reduced local ring 
of characteristic p > 0 with d = dimi? > 1, and assume that k is infinite. Then 
the following conditions are equivalent. 

(1) R is regular. 

(2) r(m.^“^) = R, i.e., ^ = I holds for every ideal I of R. 

(3) J*^ = J holds for some parameter ideal J of R. 

In order to prove Theorem 2.15, we need the following lemma. Note that we do 
not need to assnme that R is excellent in the proof of this lemma. 

Lemma 2.16. Let (i?, m) be a regular local ring with d = dimi? > 1. Then 
^ ^ J every ideal I of R. 

Proof. Snppose that ^ 7 ^ / for some ideal / of R. Let z G ^ \ I- By 

dehnition, there exists c G R° snch that C for all q = p®, e 3> 0. 

Since the Frobenins map F : R ^ R is flat by Knnz’ theorem ([Kn]), we have 

cnr(<^-i)9 c /M . = {I: z)W c mM 

and hence 

c G 

for all y = p®, e 3> 0 by Lemma 2.11. This is a contradiction. □ 

Proof of Theorem 2.15. Note that R is approximately Gorenstein by onr assnmp- 
tion. (1) ^ (2) follows from Lemma 2.16. Also, (2) ^ (3) is trivial. 

Let ns prove (3) ^ (1). Take a parameter ideal J snch that = J. 

Since J T J* <Z J*^ , we have J = J*. Hence R is F-rational and thns is 

Cohen-Macanlay. Then for a minimal rednction q of m, we have q*”' = q (see 

1.14). Thns we may assnme that J is a minimal rednction of m. Then by virtne of 
Corollary 2.8, we have m C J. This implies that R is regnlar, as reqnired. □ 
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3. Interpretation of multiplier ideals via a-TioHT closure 


We posed Theorem 2.1 as a prime characteristic analogue of Lipman’s ’’modihed 
Briangon-Skoda theorem” [Li]. The original form of ” modihed Briangon-Skoda” is 
stated in terms of what is called ” adjoint ideals” by Lipman. Recently, this notion is 
reformulated in the theory of ” multiplier ideals” from a different point of view and 
plays an important role in birational algebraic geometry; see [Ei], [La]. Actually, 
one can dehne multiplier ideals with ’’rational coefEcients”; cf. Section 6 . 

Definition 3.1. Let T be a normal Q-Gorenstein variety over a held of character¬ 
istic zero and let a C Oy be a nonzero ideal sheaf. Let f:X —> T be a log resolution 
of the ideal a, that is, a resolution of singularities of Y such that the ideal sheaf 
aOx is invertible, say, aOx = Ox{—Z) for an ehective divisor Z on W, and that 
the union Exc(/) U Supp(Z’) of the /-exceptional locus and the support of Z is a 
simple normal crossing divisor. Given a rational number t> 0 , the multiplier ideal 
Jit ■ a) = J {a*) associated to t and a is dehned to be the ideal sheaf 

Jit-a) = UOxi\Kx/Y-tZ^) 

in Oy, where the Q-divisor KxjY = Kx — f*KY is the discrepancy of /. For t = 1, 
we just denote J{a) := J7’(l ■ a). This dehnition is independent of the choice of a 
log resolution fiX^Yofa. 

Remark 3.2. (1) If b = for a nonnegative integer n, then Jit-h) = J {tn ■ a), and 
this justihes the notation Ji J) with ’’formal exponent” t. Henceforth we prefer 
the exponential notation JiJ) rather than J{t ■ a); cf. Section 6 . 

(2) Multiplier ideals J7’(a) have properties similar to those of the ideals r(a); 
see Proposition 1.11. Namely, if b C a then J7’(b) C J7’(a), and if b is a reduction 
of a then the equality J’(b) = J’(a) holds; J’(a)b C J'(ab) for any a, b, and if b 
is locally principal then the equality j7’(o)b = J7’(ab) holds; J7’(a) 7 ^ 0 as long as 
a 7 ^ 0; and if Y has only log terminal singularities, then 0 C j7’(o). Also, using 
vanishing theorems in characteristic zero, one can prove a ’’modihed Briangon- 
Skoda theorem” ([Li, Theorem 1.4.1], [La]): If a is generated by r elements, then 
J C for every n > 0; cf. Theorem 2.1. Later in Section 4, we study 
more about similarity of the ideals T(a) and J7’(a). 

3.3. Reduetion to prime characteristie. It is proved in [Ha2] and [Sm2] that the 
multiplier ideal J(R) of the unit ideal in a normal Q-Gorenstein ring R essentially 
of hnite type over a held of characteristic zero coincides, after reduction to char¬ 
acteristic p ^ 0, with the test ideal t(R). We generalize this result in Theorem 
3.4 below. To state the result, we have to begin with a ring R and an ideal a in 
characteristic zero, and reduce them to characteristic p ^ 0 together with a log 
resolution /: W —> SpecR of a. 

Let R be an algebra essentially of hnite type over a held k of characteristic 
zero and let a C R be an ideal. One can choose a hnitely generated Z-algebra A 
contained in k and a subalgebra Ra of R essentially of hnite type over A such that 
the natural map Ra Ga /c ^ R is an isomorphism and ua = a fl Ra generates the 
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ideal a of R. For a maximal ideal n of A, we consider the base change to its residne 
held K — over A to get a prime characteristic ring = Ra k and an ideal 
Qk = ^aRk- The data consisting of «; = «:(//), is considered to be a ’’prime 

characteristic model” of the original data in characteristic zero, and we refer to 
snch Rk, ci/t) for maximal ideals /U in a snitable dense open snbset of Spec A as 
’’rednction to characteristic p ^ 0” of (/c, R, a). Fnrthermore, given a morphism of 
schemes essentially of hnite type over k (and even more, a commntative diagram 
consisting of a hnite collection thereof), e.g., a log resolntion f:X ^ SpecR of a, 
we can rednce this entire setnp to characteristic p^ Q. (See [Hal], [Ha2], [HH3], 
[Sml], [Sm2] for more details.) We nse the phrase ”in characteristic p 3> 0” when 
we speak of snch a setnp rednced from characteristic zero to characteristic p 3> 0. 

The main resnlt of this section is the following theorem, which ensnres the cor¬ 
respondence of the ideal T(a) and the mnltiplier ideal J{a). See Theorem 6.7 for a 
generalization of this theorem to the case of ’’rational coefficients.” 

Theorem 3.4. Let R be a normal Q-Gorenstein local ring essentially of finite 
type over a field and let a be a nonzero ideal. Assume that a R is reduced 
from characteristic zero to characteristic p 3> 0, together with a log resolution of 
singularities f:X = SpecR such that aOx = Ox{—Z) is invertible. Then 

T{a)=H\X,Ox{\Kx/Y^-Z)). 

3.5. The remainder of this section is devoted to proving Theorem 3.4. Onr strategy 
is to rednce to the case where the ring R is qnasi-Gorenstein by passing to a 
canonical covering; see [T] for a direct proof which does not nse a canonical covering. 
Let (R, m) be a normal Q-Gorenstein focal ring with a canonical modnle ujr, and 
let r be the least positive integer snch that the rth symbolic power of is 
isomorphic to R. Given a hxed isomorphism = R, one has a natnral ring 
strnctnre of S' = 0[=o This is a qnasi-Gorenstein focal ring (i.e., ujs = S) 

with the maximal ideal m © and we call S a canonical covering of R. 

The following two lemmas make it possible to rednce the proof of the theorem 
to the qnasi-Gorenstein case. 

Lemma 3.6. Let (R, m) be a normal local ring of characteristic p > 0, S a canon¬ 
ical covering of R as above, and assume that r is not divisible by p. Then for any 
ideal a C R, 

r(aS) n R = r(a). 

Proof. Identical to the case where a = R; see [Ha2, Section 2], and also [Sm2]. □ 

The following lemma is also proved entirely as in the same way as the case where 
a = R [Sm2, Proposition 3.2], bnt we inclnde the proof for the sake of completeness. 

Lemma 3.7 cf. ([Sm]). Let (R, m) be a normal local ring essentially of finite type 
over a field of characteristic zero and let S be a canonical covering of R as above. 
Then for any ideal a C R and any rational number t > 0, 

JiiaSY)r]R = Jia*). 
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Proof. Let tt: Spec S' —Speci? be the canonical covering, and let f:X ^ SpecR 
and g:Y ^ Spec S be log resolntions of a and aS, respectively, which make the 
following diagram commnte. 


Y Specs 



X —-—Spec R 


Let E be the rednced divisor on X snpported on Exc(/) USnpp(Z’) and let G be the 
rednced divisor with the same snpport as Tt*E. Then the log ramihcation formnla 
(see e.g., [Ka]) tells ns that 

(3.7.1) Ky/s + G = r{Kx/R + E) + P 

for some effective divisor P on T snch that codim(7r(P), X) > 2. 

Now let u e J{a^) = H^{X, Ox{\Kx/r - t^D), i.e., divx(ri) + \Kx/r - tZ] > 
0. Since Snpp(iLx/i? ~ tZ) C E, one has Kx/r — tZ + E > \Kx/r — tZ], so that 

divx(w) + Kx/r Y E -tZ >0, 

and this is a strict ineqnality for the coefficient in each irredncible component of 
E. Pnlling this back by tt and applying (3.7.1) give an ineqnality 

divy('u) + Ky/s + G — t7T*Z > 0, 

which is a strict ineqnality for the coefficient in each irredncible component of 
G. Since G is rednced, it follows that divy('u) + [iLy/g — > 0. Hence 

u e H^{X, Oy{\Ky/s - tn*Z])) = J{{aSY). 

Conversely, let u G j7((aS)*) fl R and £x any prime divisor D on X. To prove 
u G 77 ( 0 *), it is enongh to show that a := vd{u) + coeffD([iLx/i? ~tZ^) is non¬ 
negative. If D is not /-exceptional, this follows becanse fr is etale and finite at the 
generic point of D and divx('u) -|- \Ky/s ~ tw*Z~\ > 0 by n. G 77((aS')*). Now let 
D be /-exceptional, E any prime divisor on Y dominating D (this in particnlar 
implies that E ^ Snpp(P)) and let e := coeffir('7r*Il). Then 

(3.7.2) vpiu) Y coeffF(7r*( [iLx/fl — f-^D) == ea. 

On the other hand, since divx('u) -|- \Ky/s ~ tii^Z^ > 0, it follows from (3.7.1) that 
divx('u) -|- \tt*{Kx/r Y E) — G Y P — t^*Z'\ > 0. Since E ^ Snpp(P), this implies 
that 

(3.7.3) vpiu) -|- coeffi?( \tt*{Kx/r — tZ)\) > coeffi?(—7r*i7 -|- G) = —e -|- 1. 

It follows from (3.7.2) and (3.7.3) that ea> —e Y 1, so that a > 0, as reqnired. □ 

Remark. The proof of Lemma 3.7 does not only work for canonical coverings bnt 
also does nnder a weaker assnmption that P ^ S' is hnite and etale in codimension 
1. It is desirable that Lemma 3.6 also holds for hnite extensions which is etale in 
codimension 1, and this issne has been recently settled by Takagi ([HT], [T]). 
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Proposition 3.8. Let {R, m) be a d-dimensional normal local ring of characteristic 
p > 0 and let a be a nonzero ideal. Let f:X ^ Speci? be a proper birational 
morphism from a normal scheme X such that aOx = Oxi—Z) is an invertible 
sheaf, and denote the closed fiber of f by E = /“^(m). Then one has an inclusion 

Ker HpOxiZ))) C 

where 5: H^{R) H'^{Ox{,Z)) is an edge map H^{R) H'^{Ox) of the spectral 

sequence H'f^{R^f^Ox) H^^^{Ox) followed by the natural map H'^{Ox) —^ 

moxiz)). 

Proof. First note that, for any q = p^ and any c G C H^[X, Ox{—qZ)), we have 
the following commntative diagram with exact rows. 

0 -^ Ker(h) -. Hi{R) -. Hl,{Ox{Z)) -. 0 



0 -^ Ker(h) -. HiiR) -. Hl.{Ox{Z)) -. 0 

Then a'^F®(Ker(h)) C Ker(h) for all q = p^, and the conclnsion follows from Propo¬ 
sition 1.15. □ 

By virtne of Lemmas 3.6 and 3.7, it is snfhcient to prove Theorem 3.4 in the case 
where R is qnasi-Gorenstein, i.e., ujr = R. In this case, however, the assertion of 
Theorem 3.4 coincides with the following 

Theorem 3.9. Let {R, m) be a d-dimensional normal local ring essentially of finite 
type over a field of characteristic p and let a be a nonzero ideal. Assume that a T R 
is reduced from characteristic zero to characteristic p ^ 0, together with a resolution 
of singularities f:X^Y = SpecR such that aOx = Ox(—Z) is invertible. Then 

Ohuh) = Ker HpOx(Z))) , 

where E is the closed fiber of f and d is the edge map as in 3.8, or dually, 
Ann^^(0^“.(^)) = H^{X,uJx{-Z)) in ur. 

Proof. First, let ns discnss the sitnation in characteristic zero before redaction to 
characteristic p ^ 0. In characteristic zero, we choose a nonzero element c G a 
snch that Rc is regnlar and a log resolntion f:X ^ Speci? of the ideal ca. Then 
aOx = Ox{—Z) for an effective divisor Z on X and Snpp(Z’-|-divx(c)) is a simple 
normal crossing divisor. We choose an /-ample /-exceptional Q-Cariter divisor 
D and a snfhciently small rational nnmber £ > 0 snch that \_Z -|-£divx(c)J = Z, 
where Z = Z — D. 

Now we rednce the entire setnp as above to characteristic p 3> 0, and switch the 
notation to denote things after rednction modnlo p. Let the ideal a be generated by 
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r elements. Since Rc is regular, some power of c (g a) is a usual test element and 
also an a-test element. Also, since—Z is/-ample,/C = u;x(—is 

a finitely generated module over IZ = 0^>o Ox(—nZ)). Say K, is generated 

in degree < tiq. 

Since we are working in characteristic p 3> 0, the e-times iterated Frobenius map 

F^:Hi{Ox{Z)) ^ + ed\^x{c))) 

is injective for all q = hy Proposition 3.6 and Corollary 3.8 of [Hal]; see also 
[Ha2, Discussion 4.6] and [MS]. This implies that the map 

c^F<^:Hi{Ox{Z)) = H%{Ox{Z)) Hi,{Ox{.P^Z)) 

is injective for all sufficiently large e G N such that p®£ > m := r -|- 2s -|- no — 1. For 
such g = ^ 0, we consider the following commutative diagram with exact rows. 

0 -^ Ker(5) -. Hi{R) H%{Ox{Z)) -. 0 

0 -^ Ker(4) -^ Hi{R) H%{Ox{qZ)) -^ 0 

Here, Ker(5e) is considered to be the annihilator in H^{R) of H*^{X,ux{—[qZ\)) 
viewed as a submodule of ur, with respect to the duality pairing ur x - 

E„iR/m). 

Now, if / G H^{R) is not in Ker(5), then 

^ Ker(5e) = AnnHd(i?) H^iX,uxi-[qZ\)) 

for all g = p® 3> 0 by the above commutative diagram. Then for all sufficiently 
large q = p®(> no), there exists an integer n with 0 < n < no such that 

c"*{’ i |0 : Ox({n - «)Z))]„J,h), 

since fC is generated in degree < no as a graded 7^-module. Hence it follows from 
H^{X, Oxiin - q)Z)) C H^{X, Ox{{n - q)Z)) C that ^ 0. On 

the other hand, since c G a and c® G T(i?), 

(yn-s^q-no ^ (f+s+no-l ^q-nq (y r{R)ofl+^ C ofl 

by tight closure Briangon-Skoda. Thus we have that 7 ^ 0. But this implies 

that / ^ is an a-test element (cf. Theorem 1.13). 

Consequently, we have 0^^ C Ker(5). The reverse inclusion follows from 
Proposition 3.8, and we are done. □ 
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4. Properties of the ideal T(a) analogous to multiplier ideals 

In this section we prove some properties of the ideal T(a) analogons to those 
of the mnltiplier ideal which are fonnd in [DEL], [How], and in Lazarsfeld’s 

lectnre note [La]; see also similar resnlts for ’’tight closnre for pairs” in [T], The 
resnlts in this section are proved in any hxed characteristic p > 0. However, in 
view of Theorem 3.4, we can also say that they provide characteristic p proofs of 
the properties of mnltiplier ideals in characteristic zero. 

We also want to remark that the results in this section can be generalized to 
’’rational coefficients” (see Section 6), as well as those for multiplier ideals. 

Theorem 4.1 (Restriction theorem, cf. [La]). Let (R, m) be a normalQ-Gorenstein 
complete local ring of characteristic p > 0 and let x ^ m be a non-zerodivisor of R. 
Let S = R/xR and assume that S is normal. Then for any ideal a of R, 

r(aS') C r(a)S'. 


Proof. Let Eu = Eji{R/xn) and Es = Es{S/mS) be the injective envelopes of 
residue helds of R and S', respectively. Then one has Es = {0 : x)eu C Eh- We 
hrst prove the following claim, viewing Es as a submodule of Er via this inclusion. 

Claim 4.1.1. n Eg C . 

Proof of Claim 4.1.1. Since R is normal, we can choose an a-test element c whose 
image c in S is nonzero by Proposition 1.7. Then we have the following commutative 
diagram for each q = p^ (see the proof of [HW, Theorem 4.9]). 


Es 


Er 


cFs 


n(Es) 


c«-‘FS 


13 


PhlER) 


The map a: Es —^ Er is the inclusion map mentioned above. Note also that 
¥<j,{Er) = and W^Es) = by [Wa], and p-.W^Es) 

arises as a connecting homomorphism of the long exact sequence 




ud-l(, ,( 9 )^ 






Tjd (, 

^m\^R i 


Tjd ( (g)^ 


associated to 0 — -E, /xu^^ 0 ([HW]). It then follows that 

Ker(/3) = / xHf^^ is a proper S-submodule of Hence 

we can show as in the proof of Proposition 1.15 that Ker(/9) is annihilated by an 
element d E S°. 

Now let ^ e 0^“^ n Es- Then cF^(^)o'^ = 0 in ¥^j^{Er) for all q = p^, since c is 
an a-test element. This implies that cEg{^)a'^ C Ker(/3) by the above commutative 
diagram. Therefore cdEg{f^){aS)^ = 0 for all q = p^ with cd G 5”°, whence ^ G 
as claimed. □ 
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We continue the proof of Theorem 4.1. Since R is complete, 0^^ = (0 : r(a))£;^, 
so that 

os. n iSs = (0 : T(a) + xR)e„ = (o : ' ^(»)S)e,. 

Hence by Claim 4.1.1, we conclude T(aS') C Ann5(0g^ fl Es) = r(a)S'. □ 

Remark4.2. Theorem 4.1 implies that F-regularity ’’deforms” in Q-Gorenstein rings 
[AKM]. Namely, If R is Q-Gorenstein, a; G m is a nonzero-divisor and if S' = 
R/xR is F-regular, then R is also F-regular. This result fails in the absence of 
Q-Gorensteinness [Si]. On the other hand, the F-regularity of R does not imply the 
F-regularity of S = R/xR^ and this suggests that the containment T(aS) C T(a)S 
is far from the equality in general; see also [HW, Theorem 4.9]. 

Our next objective is to apply Theorem 4.1 to showing the property of T(a) 
called ’’subadditivity” (Theorem 4.5), which is established for multiplier ideals in 
regular rings by Demailly, Ein and Lazarsfeld [DEL]. Our strategy is to mimic the 
idea of ’’restriction to the diagonal” used in [DEL]. We hrst prove the following 

Lemma 4.3. Let R = k[[xi^... ^Xr]] and S — /c[[yi,...,y^]] he complete regular 
local rings with residue field k and let T = R<§)kS = k[[xi,... ,Xr,yi,... ,ys]] be 
their complete tensor product. Then for any ideals a C R and b C S, we have that 
(a ® S') n (i? O b) = (o O b)T in T. 

Proof. We regard R and S as subrings of T via the natural ring homomorphisms 
R ^ T and S ^ T. Then what is to be proved is that oT fl bT = obT. To prove 
this we may assume without loss of generality that b is a proper ideal of S. 

First we note that the composition R ^ T ^ T/bT of the natural maps is a 
flat ring extension. Indeed, R = R®k k ^ R®k S/b is flat since so is /c ^ S/b by 
b n /c = 0, and the completion map R®k S/b TjbT is also flat. 

Now let F, be an F-free resolution of R/a. Then F, 0/? T is a T-free resolution 
of T/aT since T is flat over R. Since T/bT is also flat over F, one has that 
Torf(T/aT,T/bT) = ®r T) T/b) = HfiF, T/bT) = 0 for f > 0. 

In particular, (aT fl bT)/abT = Torf (T/oT, T/bT) = 0. Thus we conclude that 
aT n bT = abT, as required. □ 

Proposition 4.4. Let k be a field of characteristic p and let R = k[[xi ,..., Xr]], 
S = k[[yi ,..., i/s]] and T = R<§)kS = k[[xi ,..., Xr, yi,..., i/s]] be as in Lemma 4.3. 
Then for any ideals a C R and b C S', 

r((aG) b)T) C (r(a) ®T(b))T. 


Proof. Let us denote the injective envelopes of the residue helds of R, S, T by Er, 
Es, Et, respectively. Then we can describe them in terms of inverse polynomi¬ 
als as Er = {xi ■ ■ ■ Xr)~^k[xf^,..., xfi^], Es = {yi---ys)~^k[yf^,...,yT^], Er = 
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{xi ■ --Xryi ■■■Vs) ^k[x^ \ \ ^], so in particular, Et = E^^kEs- 

Then it is easy to see that 0^^ ® Es + E^ 0 0^*’^ C Hence 

r((a ® b)T) C AnnT(0^“^ ® Es) fl AnnT(-E'i? ® 0^^^) 

= (t(o) ® S)n{R® T(b)) = (r(a) ® T(b))T 


by Lemma 4.3. □ 

Theorem 4.5 (Subadditivity, cf. [DEL]). Let (i?, m) be a complete regular local 
ring of characteristic p > Q. Then for any two ideals a, b of R, 

r(ab) C r(a)r(b). 

Proof. Let T = R®kR and let A: T —i? be the ring homomorphism sending 
X ® y E T to xy E R. If we restrict the containment r(abT) C r(a)r(b)T in 
Proposition 4.4 by the diagonal map A:T ^ R, we immediately obtain 

r(ab) C r(abT)i? C T(a)r(b) 


by virtue of Theorem 4.1. □ 

Remark 4.6. If (i?, m) is not F-regular, then it is clear that the subadditivity breaks 
down for a = b = R. We do not know whether or not the subadditivity always 
holds in F-regular rings in general. 

4.7. Toric case. In [How], Howald gave a combinatorial description of the multi¬ 
plier ideal J{a) of a monomial ideal a in a polynomial ring over a held. We show 
that the ideal T(a) has a similar description in a more general situation, namely, a 
is a toric ideal of a toric ring R over a held k. Note that, in this case, the multi¬ 
plier ideal J{o.) can be dehned even if char k = p > 0, because there exists a log 
resolution of a in the toric category. 

Let M = N = Homz(M, Z) and denote the duality pairing of Mr = M ®z ® 
with Ar = N ®z ® by ( , ): Mr x Ar —^ IR- Let a C Ar be a strongly convex 
rational polyhedral cone and denote = {m G Mr | (m, n) > 0 for all n G a} as 
usual. Let R = k[a'^ fl M] be the toric ring over a held k dehned by a, that is, the 
subring of a polynomial ring /c[a:i,..., Xd\ generated as a /c-algebra by monomials 
x™- = x'f^^ ■ ■ ■ xff'^ with m = (mi,..., m^) G fl M. Also, let Di, ... ,Ds be the 
toric divisors of Speci? corresponding to the primitive generators ni,... ,ns G A 
of cr, respectively. A toric ideal a C i? is an ideal of R generated by monomials 
in xi,..., Xd. Let a C i? be a toric ideal and let P = P{a) C Mr be the Newton 
polygon of a, that is, the convex hull of {m G M | x^ E a} in Mr. We denote the 
relative interior of P in Mr by Int(P). 

Now assume that R is Q-Gorenstein. Then there exists w E Mr such that 
{WjHi) = 1 for f = l,...,s. Indeed, since is principally generated for some 
r G N and corresponds to the divisor —r Ei, we can write = x^°R 
for some mo G M such that {mQ,ni) = VDi{x'^°) = r. Then set w = m^/r E Mr. 
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Theorem 4.8. Let R = k[a'^ fl M] be a Q-Gorenstein toric ring over a field of 
characteristic p > 0 and let w G Mr he as above. Then for any toric ideal a ‘T R, 

T(a) = J{a) 

and it is again a toric ideal. Moreover, for m G M, the following conditions are 
equivalent to each other. 

(1) x™' G T(a). 

(2) m + w G Int(P(a)). 

(3) G J{a). 

Proof. We prove that T(a) is generated by monomials x'^ satisfying the condition 
m + w E Int(P(o)) in (2). It is essentially proved in [How] that J7’(a) has the same 
property. 

First, to simplify onr argnment, we note that 1 G i?° is an a-test element, becanse 
toric rings are strongly F-regnlar. Hence, an element z E E of the injective envelope 
E = Eii{R/m) of the residne field R/m = k is in 0*^ if and only if z'^a‘^ = 0 in 
F®(i?) = E for all q = p®. 

Next we will compnte the Frobenins map E^:E F®(i?) explicitly. To do this 
we note that F®(i?) = for g = p® by [Wa], and is /c-dnal to 

^ ' x^. Therefore 

F®(E) = 0 k-x^= 0 k-x'^, 

and the Frobenins map F®: E F®(F) sends x™' G F to G F®(F). 

It is now clear that and hence T(a) = Annj(;(0g‘) is generated by monomials, 
becanse everything involving is Z^-graded. 

We describe the a-tight closnre of zero in F = 0„£_o-vnM^ ' 
u E —a'^ n M. Then x'^ E if and only if x^^a‘^ = 0 in F®(F), or eqnivalently, 
{qu+qP)n{{q—l)w—a'^)r\M = 0, for all g =p®. Dividing ont by g, we can rephrase 
this into the condition that (n. + F) fl Int(w — cr^) = 0, becanse —wjq E Int(—cr^). 
Since this is eqnivalent to saying that Int('U + F) fl (w — cr^) = 0, it follows that 
x^ E 0|? if and only if Int(F) D {w — u — a'^) = 0, or eqnivalently, if w — u ^ Int(F). 

Now the eqnivalence of conditions (1) and (2) follows immediately, becanse a 
monomial x'^ E R = k[a'^ fl M] is in r(a) = Annjj(0^“) if and only if x~'^ ^ 0^“. □ 

Example 4.9. Let S = k[xi ,..., xfi be a polynomial ring and let R = be the 
rth Veronese snbring of S. We can easily compnte the ideal r(a) = J{n) associated 
to a monomial ideal a of F as follows; cf. [How]. 

We choose N and M to be the overlattice N = Tfi + i(l,...,l)Z and the 
snblattice M = {m G Tfi\ {m,n) E Z} of Z^, respectively, and let a be the first 
orthant in Ar = R®*. Then the dnal cone is also the first orthant in Mr = R®^, 
and the ring R = k[a'^ fl M] is realized as it is as the rth Veronese snbring of 
S = k[a'^ n Z®*] = k[xi,..., Xd\. In this setting, the vector w E Mr (for both R and 
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S) defined in 4.7 is eqnal to 1 = (1,1,..., 1). Also, for a monomial ideal a C i?, the 
Newton polygons P{a) and P{aS) are eqnal to each other in Therefore, 

Theorem 4.8 tells ns that a monomial x'^ in R (resp. S) is in r(a) (resp. r(o5')) if 
and only if m + 1 G Int(P(a)) = Int(P(a5')) and in particnlar, 

T(a) = T{aS) n R ; 

cf. Lemma 3.6. For example, if a = mMs a power of the graded maximal ideal m of 
R, we have r(m^) = . 

5. F-rationality of Rees algebras and the behavior of t(/) 

Thronghont this section, we assnme that (R, m) is an excellent Gorenstein local 
domain of characteristic p > 0 and that I is an m-primary ideal of R. Pnt d = 
dimR > 2. Let R(/) = R[It] denote the Rees algebra of / over R, and DJi = 
mR(/) + R(/)_|_, the nniqne homogeneons maximal ideal of R(/). We will denote 
by R'(/) = R[ItR-^] and G{I) = R'(/)/t-iR'(/) = 0„>o the extended 

Rees algebra and the associated graded ring of I, respectively. Also, let c<;r(/) 
denote the graded canonical modnle of R(/), and let ti:Y = Proj R(/) —SpecR 
be the blowing-np with respect to I. 

The main pnrpose of this section is to describe c<;r( 7 ) in terms of nnder 

the assnmption that R(/) is F-rational. Actnally, we prove the following theorem. 

Theorem 5.1. Let (R, m) be an excellent Gorenstein local domain of characteristic 
p > 0 with d = dimR > 2. Let I be an m-primary ideal of R and J its minimal 
reduction. Then t{I) C J : . If we assume that R(/) is F-rational, then 

t{I) = J : and 


n>l n>l 


Discussion 5.2. The above theorem is motivated by Hyry’s papers [Hyl], [Hy2]. For 
example, the description of c<;r( 7 ) in Theorem 5.1 corresponds to the following fact 
nsed in [Hyl]: Let (R, m) be a regnlar local ring essentially of finite type over a field 
of characteristic zero, and let I be an ideal of R. Snppose that Proj R(/) has rational 
singnlarities. The graded canonical modnle of R(/) is then c<;r( 7 ) = 0yi>i 

Actnally, if R(/) is F-rational, then so is T = ProjR(/), whence Y is psendo- 
rational [Smlj. Therefore, if Y has a resolntion of singnlarities f:X Y, then 
H^{X, I'^ux) — H^{Y, I'^uy) for every n > 0. The left-hand side of this eqnality 
coincides with the mnltiplier ideal via the isomorphism wr = R as long 

as 77(1”) is defined. Moreover, [u;R(/)]n = R°(T, since R(/) is Cohen- 

Macanlay; see e.g. [HHKj. In particnlar, we have r(/) = 77(/) in this case. 

Conseqnently, Theorem 5.1 claims that the F-rationality of R(/) gives a snfficient 
condition for which r(/) = 77(/) holds in any fixed positive characteristic. 

We obtain the following corollary from Theorem 5.1 and [HWYl, Corollary 3.3]. 
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Corollary 5.3. Suppose that (-R, m) is a two-dimensional rational double point. 
Let I be an m-primary integrally closed ideal of R and J its minimal reduction. 
Then t{I) ^ J : I {= J{I))- Also, R(/) is F-rational if and only if t{I) = J : I. 

One can easily check the following example nsing the method developed in 
[HWYl, Section 3], 

Example 5.4 (cf. [HWYl, Theorem 3.1]). 

(1) Let (R, m) be a two-dimensional excellent Gorenstein F-rational local ring 
(i.e., F-rational donble point), and / an m-primary integrally closed ideal of R. 
Then t(/) = J : I for any minimal rednction J of I. 

(2) Let R = k[[x, y, z\]/{x^ + + ^^), where k is an algebraically closed held of 

characteristic 2. Pnt m = {x, y, z)R and J = (y, z)R. Then i? is a two-dimensional 
rational donble point bnt not F-rational. Also, we have 

(a) R{m) is not F-rational. 

(b) J*^ = m. In particnlar, J : J*'^ = m. 

(c) (jt^l)*'" = particnlar, : (j[2])*”i = [x,y,z‘^). 

(d) T(m) C {x,y,z‘^) C J{m) = m. 

In the following, we will prove Theorem 5.1. 

Lemma 5.5. Let {R, m) be a Gorenstein local ring of any characteristic. Also, let 
I be an xn-primary ideal of R and put G{I) = 0^>o , the associated graded 

ring of I. Assume that [iL^(R(/)]o = [iL^(R(/))]-i = 0 (e.g. R(/) is Gohen- 
Macaulay). Then R/[c<;r(/)]i = ([iL^(G(/))]_i)^, where ( )^ denotes the Matlis 

dual of R. 

Proof. Consider the following two standard exact seqnences: 

0 —> R(/)+ —> R(/) —> R —^ 0, 


0 —> R(/) + (l) —^ R(/) —^ G{I) —^ 0. 

From the hrst exact seqnence, we have 

0 = 1H4(R(/))]o ^ Hi(R) ^ 1RS'(R(/)+)]o ^ 1RS'(R(/))]o = 0, 

where the vanishing on the right follows from a(R(/)) = —1. Since R is Gorenstein, 
R = uji = {H^{R))'^ = ([iL^^(R(/)_i_)]o)^. On the other hand, the second exact 
seqnence gives 

0 = lR^j(R(/))l_i ^ {H^(G{r))U - |<b(R(fl+)lo - l<y(R(fl)l-i ^ 0. 

Dnalizing the above seqnence, we get 

0 ^ [‘^R(/)]i ^ (|RS‘(R(^)+)]o)'' = -R ^ (K(G(/))]-i)'' ^ 0, 

This yields the reqnired assertion. □ 
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Proposition 5.6. Under the same notation as in Lemma 5.5, assume further that 
R(/) is Cohen-Macaulay. Then [ci;R(/)]i = J : for every minimal reduction J 

of I. 

Proof. Let xi, X 2 , ... ,Xd be a minimal system of generators of J. Put G := 
G{I). Then it is well-known that G{I) is Cohen-Macaulay and the images in G of 
Xit, ... ^Xdt (g R(/)i) form a regular sequence ([GS]). Setting x* := Xit mod P 
for each i, we have an exact sequence 

0 —^ G'(-l) -^G —^ G/xlG ^ G{I/xiR) —^ 0 
by [VV]. From this sequence, we get an exact sequence 

0 = H^\G) H^\G/xlG) H^iG)i-l) ^ H^G) — 0. 

Since a{G) < —1 ([GS]), we have lJL^^(G/xiG)]o = [H^(G)]-i and a{G/xiG) < 
— 1 -|- 1 = 0. By repeating the above argument, we get 

|//4(G)1_i = ... ,x;)G]d_i - \ 

Also, since R/ J is Gorenstein, we have ^ — R/ J '■ Gombining this 

with the previous lemma, we get 

K(/)ll = Ann„ ([Jf4(G)]_i)'' = Ann„ ‘ ]) = J : /■*-'. 

□ 

Proposition 5.7. Let (R, m) be an excellent Gorenstein local domain of charac¬ 
teristic p > 0, and let I be an m-primary ideal of R. Also, let J be a minimal 
reduction of I. Then we have the following statements. 

(1) t{I) C j : C j : I‘^-\ 

(2) //R(/) is F-rational, then t{I) = J : J*^ = J : 

Proof. Let xi, ... , 2 :^ be a system of generators of J and put {x\, ... ,xlf) 

for all integers / > 1. 

(1) One has t(/) C J : C J : ( J -|- = J : by the dehnition of r(/) 

and Gorollary 2.8. 

To see (2), we may assume that R(/) is Gohen-Macaulay. Then 
([GS]). Hence = jdi-djd-i ^ (jW + (xi ■ ■ ■ Thus 

jW _|_ jdi-i _ j[i] _|_ (^xi ■ ■ ■ Xdy~^I'^~^■ In particular, for all / > 1, we have 

j[l] . ^j[l] ^ jdl-i^ ^ ^j[l] . . XdY-^) : = J : 

Now suppose that R(/) is F-rational. Then since (J^)*^ = -1- by 

Gorollary 2.9, we have that : (jt^l)*^ = J : for all I > 1. Hence t{I) = 

J : J*^ = J : as required. □ 
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Proof of Theorem 5.1. Note that R(/"^) is F-rational if so is R(/). Actually, it 
is a module-finite pure subring of R(/). Thus the required assertion immediately 
follows from Propositions 5.6 and 5.7. □ 

Proof of Corollary 5.3. Let / be an m-primary integrally closed ideal and J its 
minimal reduction. Then it is well-known that = JI and thus R(/) is Cohen- 
Macaulay. 

It is enough to show that r(/) = J : I implies that R(/) is F-rational. Suppose 
that t(/) = j : L Since t{I) C jW : C jW : (jW + = J : in 

general, we have -(- This implies that = 

j[l] ^ J21-1 I 

> 1 because is an Artinian Gorenstein local ring. By 

[HWYl, Corollary 3.3(2)], we conclude that R(/) is F-rational. □ 

In the latter half of this section, we will give some applications of Theorem 
5.1. Before stating our results, let us recall the notion of a-invariant. Let / be an 
m-primary ideal of R and put G := G{I) and OH := mR(/) -1- R(/)_|_. Then the 
a-invariant a{G) of G is dehned by a{G) := max{n G Z | [H^{G)]n ^ 0}. See [GW] 
for details. 

Proposition 5.8. Let (R, m) he an excellent Gorenstein local domain of charac¬ 
teristic p > 0. Let I be an m-primary ideal of R. Suppose that R(/) is F-rational 
and G := G{I) is Gorenstein. Then integers n > 1. 

Proof. The F-rationality of R(/) implies that = [c<;R(/)]n = H^{Y, /”u;y) for 

all n > I; see Discussion 5.2. Also, since G is Cohen-Macaulay, we have 

(5.8.1) = 0 H^iY, V)/R°(T, Puy) 

n>l 

and R = H^{Y^ uy) = ■ ■ ■ = H^{Y^ where a = a(G) < —I; see e.g. [Hy2, 

Theorem 2.2]. On the other hand, as G is Gorenstein, we have 

(5.8.2) UG = G(a) = 0 jn+a^jn+a+l 

n^ — a 


Comparing (5.8.1) with (5.8.2), one can easily see that t{P) = by induction 

on n > I. □ 

Corollary 5.9. Let (R, m) he an {excellent) regular local ring of characteristic 
p > 0. Then T(m"') = for all n> 1. 

Proof. Suppose that R is a regular local ring. Then R(m) is F-rational and G(m) = 
k[Xi, ... jXfi] is Gorenstein with a(G(m)) = —d. Hence we can apply the above 
proposition. □ 

Remark 5.10. Corollary 5.9 is a generalization of the implication (I) ^ (2) in 
Theorem 2.15. This also follows from Theorem 4.8. 

Let J C / be ideals of R. Recall that the coefficient ideal of / relative to J, 
denoted by a(/, J), is dehned to be the largest ideal a of R for which la = Ja. 
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Remark 5.11. In [Hy2], Hyry proved that if i? is a Gorenstein local ring and R(/) 
has rational singnlarities then = a(/, J). In fact, a similar resnlt follows 

from Theorem 5.1 and [Hy2, Theorem 3.4]: Let {R, m) be an excellent Gorenstein 
local domain of characteristic p > 0. Let / be an m-primary ideal of R, and J its 
minimal redaction. If R(/) is F-rational, then = H^{Y, = a(/, J). 

In particnlar, if, in addition, = JI, then = J : I. 

In the rest of this section, we direct onr attention to the ideal T(m). Let (R, m) 
be an excellent Gorenstein F-rational local domain of characteristic p > 0. Then 
r(m) T m, that is, r(m) = m or r(m) = R. For example, if R is a regnlar local ring 
with dimR >2, then r(m) = R. More generally, we have the following proposition. 

Proposition 5.12. Let (R, m) be an excellent Gorenstein local domain of char¬ 
acteristic p > 0 with d = dimR > 2. Suppose that there exists an m-primary 
ideal I such that R(/) is F-rational with a{G{I)) ^ —1. Then R is F-rational with 
r(m) = R. 

Proof. By virtne of [HWYl, Gorollary 2.13], R is F-rational. 

By Theorem 5.1, we have r(/) = J : for any minimal rednction J of /. Since 

R(/) is Gohen-Macanlay with a{G{I)) ^ —1, we have that C J. 

Hence t(/) = R. In particnlar, T(m) = R becanse T(m) 3 t(/). □ 

In view of the above proposition it is natnral to ask the following 

Question 5.13. Let (R, tn) be an excellent Gorenstein F-rational local domain of 
characteristic p > 0 with r(m) = R and dimR > 2. When is R(m) F-rational then? 

In case of two-dimensional local rings, T(m) = R implies that R is regnlar. Then 
R(m) is Gorenstein and F-rational with a(G(m)) = —2. As for three-dimensional 
local rings, we have the following answer to the above qnestion. 

Proposition 5.14. Let (R, m) he a three-dimensional excellent Gorenstein local 
ring which is not regular. Then the following conditions are equivalent. 

(1) r(m) = R, that is, /*”’ = I holds for every ideal I of R. 

(2) J*^ = J holds for some parameter ideal J of R. 

(3) R'(m) is F-rational and = Jm for some minimal reduction J of m. 

(4) R(m) is Gorenstein and F-rational. 

(5) r(m"') = holds for all integers n > 1 . 

Proof. (1) ^ (2) and (5) ^ (1) are trivial. (4) ^ (5) follows from Proposition 5.8 
since a(G(m)) = -2 ([GS]). 

To see (2) ^ (3), we may assnme that J is a minimal rednction of m; see 
Discnssion 1.14. By Gorollary 2.8, we have C J, and thns = Jm. Also, 
R' (m) is F-rational by [HWYl, Gorollary 4.5]. 

(3) ^ (4): Note that a Gorenstein local ring having minimal mnltiplicity is a 
hypersnrface with mnltiplicity at most 2. Thns R and G(m) are hypersnrfaces and 
a(G(m)) = 1 — dimR = —2. Hence R(m) is Gorenstein ([GS]). Also, as R'(m) is 
Gorenstein and F-rational, R(m) is F-regnlar. □ 
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Discussion 5.15. We can generalize the eqnivalence of (2) and (3) in Proposition 
5.14 as follows; see also Theorem 2.15. 

Let (R, m) be an excellent eqnidimensional rednced local ring of characteristic 
p > 0. Then the following conditions are eqnivalent. 

(1) R'(m) is F-rational and = Jm for some minimal redaction J of m. 

(2) J*'^ = J holds for every (or eqnivalently, some) parameter ideal J of A. 

If, in addition, R is Gorenstein, then the following condition is also eqnivalent 
to the above conditions. 

(3) = R. 

Example 5.16 (cf. [HWY2, Proposition 3.12], [HWYl, Sect. 5]). Let (R, m) bean 
excellent three-dimensional Gorenstein normal local domain of characteristic p > 0. 
If R admits a non-zerodivisor / G m snch that R/ fR is F-rational, then T(m) = R. 

For example, let R = k[[x,y, z,w]]/{x‘^ + y°‘ + where k is a, held of 

characteristic p > 0 and a, b, c are integers with 2 < a <b < c p. Ifl/2-|-l/a-|- 
1/6 > 1, then T(m) = R. Otherwise, r{m) = m. 

Remark 5.17. (1) If i? is a three-dimensional regnlar local ring, then T(m^) = R 
(and thns T(m.) = R) and R(m) is F-rational. Bnt R(m.) is not Gorenstein and 
r(m"^) = for all n > 1. 

(2) We have no examples of Gorenstein local ring R for which T(m) = R bnt 
R( m) is not F-rational. 

Discussion 5.18. Let (R, m) be a complete regnlar local ring of characteristic p > 0 
with d = dimR > 2, and let / be an m-primary ideal of R. Then we expect that 
t(I) D I. 

For example, this is trne if R{I) is F-rational. We sketch a proof here. Snppose 
that t{I) = I. Then r(/"^) C t(/)"^ = I'^ for all n > 1 by the snbadditivity 
(Theorem 4.5). On the other hand, since R is F-regnlar, we have t{I^) D in 
general. Also, by Theorem 5.1, we have a;R(/) = 0^>i = R(-^) + - In particnlar, 

since R(/)/a;R( 7 ) = R is regnlar, so is R(/). (Note: Recently, S. Goto et. al. proved 
a more general resnlt.) Bnt this is impossible becanse dimR > 2. Hence t{I) D /, 
as reqnired. 

As for mnltiplier ideals, the anthors are informed of the following resnlt by 
K.-i. Watanabe: Let R be a regnlar local ring essentially of hnite type over a 
characteristic zero. Then 77(/) D I for any m-primary ideal I of R. 

6. Rational coefficients 

Recently, the theory of mnltiplier ideals with ’’rational coefficients” has been 
developed and applied snccessfnlly to varions problems in algebraic geometry and 
commntative algebra ([ELS], [La]). This motivates ns to extend the notions of a- 
tight closnre and the ideal T(a) to those with ’’rational coefficients.” In this last 
section we make a few remarks on rational coefficients and address the resnlts which 
generalize in this setting. 
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Definition 6.1. Let a be an ideal of a Noetherian ring R of characteristic p > 0 
snch that ani?° 7 ^ 0 and let C M be i?-niodules. Given a rational nnmber t > 0, 
the t ■ a-tight closure (or, a^-tight closure , see Remark 6.2 (1) below) of 

in M is defined to be the snbmodnle of M consisting of all elements z E M for 
which there exists c E R° snch that 

C AtJ^] 

for all q = ^ where \tq] denotes the least integer which is greater than or 

eqnal to tq. 

Remark 6.2. (1) Definition 6.1 does not change if we replace C 

(ronnding np tq) by C A^^^” (ronnding down tg), as long as a fl R° 7 ^ 0 . 

This is because the difference of \tq] and [tq\ as the exponents of a is ’’absorbed” 
by the term c E R°. Similarly, it is easy to see that t ■ o"^-tight closure is the same as 
tn- a-tight closure for every nonnegative integer n; cf. the proof of [HW, Proposition 
2.6]. This being so, it is preferable to say ’’a^-tight closure” rather than ”t ■ a-tight 
closure.” In the sequel, we always use ’’exponential notation” in this manner and 
denote the a*-tight closure oi N in M hj . 

(2) We can even define tight closure with several rational coefficients (or, sev¬ 
eral rational exponents). Namely, given ideals ai,..., an ^ R and rational num- 

bers ti,... ,tn > 0 , the a^^^ ■ ■ ■ a^"-tight closure A^jvf^ " defined by replacing 
’’cz^a^Dl c in Definition 6.1 by C A^|«'.” 

We also have an analogous notion of A-tight closure for a pair {R, A) of a normal 
ring R and a Q-Weil divisor A on T = SpecR; see [T], [HWj. If ai = XiR and 
A = X]r=i ■ divy (xi) for Xi E R and 0 < G Q with 1 < f < n, then a)^^ ■ • ■ a(j"- 
tight closure is the same as A-tight closure. 

Definition 6.3. Let a be an ideal of a Noetherian ring R of characteristic p > 0 
such that a n 7 ^ 0 and let t > 0 be a rational number. We say that an element 
c E R° is an a*-test element if cz'^a^^'^~^ C for all q = p^ whenever 2 E . 

Some results for a-tight closure generalize to those for a^-tight closure without 
essential change of proofs. However, we must be careful about the difference of 
round-up and round-down when speaking of a*-test elements. As a matter of fact, 
the following theorem is proved similarly as Theorem 1.7 (1), but the proof does 
not work if we replace Itq) by \tq\ in Definition 6.3. 

Theorem 6.4. Let R be an F-finite reduced ring of characteristie p > 0 and let 
c E R° be an element sueh that the localized ring Rc is strongly F-regular. Then 
some power c^ of c is an a^-test element for all ideals a F R with a fl 7 ^ 0 and 
all rational numbers t > 0. 

We can define the ideal T(a*) in a similar way as in Proposition-Definition 1.9. 
Also, Theorem 1.13 generalizes to the case of T(a*) with the same proof. We 
summarize the results for excellent reduced focal rings in the following. 
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Definition-Theorem 6.5. Let {R, m) be an excellent reduced local ring of char¬ 
acteristic p > 0 with E = Efi{R/m) and let a R be an ideal such that afl i?° 7 ^ 0. 
Given a rational number t >0, we define the ideal T{af) ^ R by 

T(o‘)=flAnn„(0S‘)= fl Ann„(0S‘)= □(/:/♦“*). 

M MCE ICR 

where M runs through all finitely generated R-modules {resp. finitely generated R- 
submodules of E) in the second term [resp. the third term), and I runs through all 
ideals of R. Moreover, if R is normal and Q-Gorenstein, then 

r(o*) = Annfl(0^“ ). 

Remark 6.6. We can define the ideal with several rational coefficients 

by replacing a^tight closnre in 6.5 by ■ ■ ■ a^"-tight closnre as defined in Remark 
6.2 (2). See Theorem 6.10 (2). 

Proposition 1.15 also generalizes withont essential change of the proof, bnt we 
cannot replace the ronnd-np \tq\ by the ronnd-down \tq\ in the following 

Proposition 6.7. Let {R, m) be a d-dimensional excellent normal local ring of 
characteristic p > 0, aC R an ideal such that afl 7 ^ 0 and lett >0 be a rational 
number. Then is the unique maximal proper submodule N with respect to 

the property 

ab'?lF^(iV) CN for all q = pfi 

where E^: H^{R) H^{R) is the e-times iterated Frobenius induced on H^{R). 

Now we generalize Theorem 3.4, which is the main theorem of Section 3, to the 
case of rational coefficients. 

Theorem 6.8. Let t > 0 be a fixed rational number, R a normal Q-Gorenstein 
local ring essentially of finite type over a field and let a be a nonzero ideal. Assume 
that aC R is reduced from characteristic zero to characteristic p ^ 0, together with 
a log resolution f:X^Y = SpecR of the ideal a such that aOx = Ox(—E). Then 

r(o*) = Ox{\Kx/Y-tZ])). 

Sketch of the proof. This is also proved in a similar way as Theorem 3.4, so we jnst 
indicate the points where some modification is needed in the following. First, we 
note that Lemma 3.6 holds for rational coefficients withont changing the proof, i.e., 
r((aS')*) n R = T(a*) nnder the assnmption of Lemma 3.6, and that Lemma 3.7 
is already proved for rational coefficients. Hence we can nse a canonical covering 
of R to rednce the proof of Theorem 6.8 to the qnasi-Gorenstein case. Then it is 
snfficient to prove the following generalization of Theorem 3.9. 
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Theorem 6.9. Let t >0 be a fixed rational number, {R, m) a d-dimensional normal 
local ring essentially of finite type over a field and let a be a nonzero ideal. Assume 
that a C R is reduced from characteristic zero to characteristic p ^ 0, together with 
a log resolution f:X^Y = SpecR of a such that aOx = Ox(—Y). Then 

OhS(b) = Ker (hUR) ^ HpOxitZ))) , 

where E is the closed fiber of f and d is an edge map as in 3.8. 

Here we note that the canonical dnal of the sheaf OxitZ) = Ox{\tZ\) is 
^x{—\tZ\) = ojx{\—tZ^^), which is isomorphic to Ox{\Kx/r via uji = R 

if R is qnasi-Gorenstein. 

The inclnsion 0^^ (jj.) ^ Ker d of the above theorem holds trne in arbitrary fixed 
characteristic p > 0: Jnst take an element c in the proof of Proposition 3.8 from 
db?! c H^{X, Ox{—tqZ)) instead of = H^{X, Ox{—qZ)), which gives rise to a 
raevp cF’^: H'j^{Ox{tZ)) ^ H'^{Ox{tZ)). Then one sees that al^*‘^^F^(Ker 5) C KerJ 
for all q = p®, and Proposition 6.7 applies. 

To prove the reverse inclnsion 0^^ ^ Ker d, we choose, in characteristic zero 

before redncing to characteristic p 0, a nonzero element c G a snch that Rc 
is regnlar and a log resolntion f:X ^ Speci? of the ideal ca, as in the proof of 
Theorem 3.9. Then choose an /-ample /-exceptional Q-Cartier divisor D and a 
snfficiently small £ > 0 so that [Z -|-£divx(c)J = \tZ\, where Z = tZ — D. We 
then move to rednction modnlo p 3> 0 and let m = r -|- 2s -|- [not], keeping the 
integers r,s,no just as same as in the proof of Theorem 3.9, i.e., the ideal a is 
generated by r elements, is a usual test element and also an a*-test element, and 
JC = Ci;x(—[n.Z’J)) is generated in degree < no as a graded module 

over IZ = 0^>o Ox{—nZ)). Now, arguing as before, we obtain the required 

inclusion C Ker d. □ 

Finally, we note that the results in Section 4 also generalize to rational coeffi¬ 
cients, with the same proof; see [DEL], [How], [La] for the corresponding results for 
multiplier ideals. 

Theorem 6.10. Let t,t' be any nonnegative rational numbers. 

(1) (Restriction theorem): Under the assumption of Theorem 4.1 we have 

T{{aSY) C 

(2) (Subadditivity in regular local rings; cf. Remark 6.6): Under the assumption 
of Theorem 4.5 we have 

r(a*b*') C T(a*)r(b*'). 

(3) Under the assumption of Theorem 4.8, let a Y R be a toric ideal. Then 

T(a*) = and it is also a toric ideal generated by monomials x'^ with 

m & M such that 

m -\-w e Int(t ■ T’(a)). 
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